We theoretically investigate transport signatures of quantum interference in highly symmetric double quantum dots in a parallel geometry and demonstrate that extremely weak symmetry-breaking effects can have a dramatic influence on the current. Our calculations are based on a master equation where quantum interference enters as non-diagonal elements of the density matrix of the double quantum dots. We also show that many results have a physically intuitive meaning when recasting our equations as Bloch-like equations for a pseudo spin associated with the dot occupation. In the perfectly symmetric configuration with equal tunnel couplings and orbital energies of both dots, there is no unique stationary state density matrix. Interestingly, however, adding arbitrarily small symmetry-breaking terms to the tunnel couplings or orbital energies stabilizes a stationary state either with or without quantum interference, depending on the competition between these two perturbations. The different solutions can correspond to very different current levels. Therefore, if the orbital energies and/or tunnel couplings are controlled by, e.g., electrostatic gating, the double quantum dot can act as an exceptionally sensitive electric switch.
I. INTRODUCTION
Quantum interference is not only conceptually interesting, but also has a wide range of applications in quantum science and technology. Superconducting quantum interference devices are already standard technology, but quantum interference in electronic transport in nanostructures might be beneficial in as diverse applications as transistors 1 and heat engines. [2] [3] [4] [5] [6] Molecular junctions and artificial double-quantum-dot molecules have been widely investigated experimentally as typical platforms for demonstrating quantum interference of electrons. [7] [8] [9] [10] [11] [12] [13] [14] Theoretical works have proposed that quantum interference, in contrast to dynamical blockade induced by electron-electron correlations, [15] [16] [17] [18] is responsible for a bunching behavior (super-Poisson noise or Fano factor larger than 1) of electrons in transport, 19, 20 which might be useful for quantum communication with entangled electrons. 21 Triple quantum dots 22, 23 or a single dot with three orbitals allows using quantum interference for demonstrating coherent population trapping of electrons. [24] [25] [26] The formed trapping state -or dark state -is potentially useful for cooling a nanomechanical resonator. 27 In devices where multiple quantum dots or molecules are parallel-coupled to two leads, the importance of quantum interference depends in a complicated way on the relative strengths and phases of the various different tunnel couplings. The dependence on the energy difference between the dot orbitals seems less complicated, with quantum interference being suppressed whenever this energy difference exceeds the energy scale set by the tunnel coupling. The quasi-degenerate case of orbital splitting and tunnel coupling of comparable magnitude was investigated in Ref. 28 by deriving a master equation in the singular-coupling limit. 29 Note, however, that a later work, that focused on interference effects in a benzene molecule, showed that the master equation in the presence of quasidegenerate states could also be derived under the widely used weak-coupling approximation. 30 Here, we focus on the case of an almost fully symmetric system, including only small perturbations away from orbital degeneracy and tunnel-coupling symmetry. We calculate the stationary state electric current through an interacting double quantum dot parallel-coupled between two leads using a master equation approach. The master equation is solved for the (reduced) density matrix describing the nonequilibrium state of the double dot. To make a clear connection to previous works on transport in quantum dot spin-valves (see, e.g., Refs. 31 and 32), we recast the master equation as a Bloch-like equation for a pseudo-spin representation of the dot occupation.
In the fully symmetric case (equal energies of the two quantum dot orbitals and equal tunnel couplings to both dots and both leads), the rate matrix appearing in the master equation becomes singular, signaling that there is no unique stationary state (a similar instability in a different model was studied in Ref. 33 ). This case is, however, not experimentally relevant as energies and couplings will never be exactly equal. We therefore investigate the effects of weak perturbations to these parameters, where weak means much smaller than all other energy scales of the system. We find that the interplay between perturbations to orbital degeneracy and tunnel couplings dramatically affects the signatures of quantum interference in electron transport. In the presence of a small breaking of orbital degeneracy, but fully symmetric tunnel couplings, there is no quantum interference between electrons tunneling through the two dots (the density matrix of the double quantum dot, written in the basis of occupation of the individual dots, is diagonal). The current is independent of the magnitude of the breaking of orbital degeneracy, as long as it remains the smallest energy scale of the problem. In contrast, when the symmetry of the tunnel couplings is weakly broken, but the orbital degeneracy remains ex-act, the current is significantly suppressed due to destructive interference (non-diagonal elements of the density matrix). Again, the current is independent of the strength and exact details of the symmetry breaking (as long as it remains weak). When both the orbital degeneracy and the tunnel-coupling symmetry are weakly broken, the current becomes highly sensitive to the details and strengths of the different symmetry-breaking terms. In particular, for certain ranges of orbital energies, extremely small variations in the tunnel couplings or orbital energies switch the current between very close to zero and a large value by turning quantum interference on or off. These changes can be induced by gate voltages and such sensitive switching behavior -not limited by temperature -is highly desirable in transistors and related applications. We also find strong negative differential resistance and rectifying behavior. This paper is organized as follows. In Sec. II, we introduce our double quantum dot model. In Sec. III, a master equation approach and also the formalism of a pseudo spin are presented. In Sec. IV, we demonstrate that there is no unique stationary state solution for the completely symmetric case and explain how the singularity appears in the pseudo-spin formalism. The symmetry-breaking effects due to small orbital detuning and tunnelling deviation on the quantum interference are illustrated in Sec. V. Summary and conclusions are finally given in Sec. VI.
II. MODEL
The system of two single-orbital quantum dots in a parallel geometry, coupled to both left and right leads is schematically shown in Fig. 1 , and modelled by the Hamiltonian (we use = k B = 1 throughout the rest of the paper)
Here, H S with fermionic operators d † i and d i describes the two single-orbital quantum dots with ε i being the onsite orbital energy of the ith dot and U the Coulomb interaction between two electrons occupying different quantum dots. For conceptual simplicity we neglect the spin degree of freedom, knowing that the density matrix in the spinful case will remain diagonal in spin for nonmagnetic leads and in the absence of spin-orbit coupling. The left and right leads are described by H B with fermionic operators c † k,s and c k,s . In the tunnel Hamiltonian H T , t k,s,i is the tunnelling amplitude between the ith quantum dot and the sth lead. We emphasize that the double quantum dot considered in our work is a parallel coupled double dot (rather than a serial coupled) and that there is no tunnel coupling between the dots.
The eigenstates of the isolated double quantum dot are {|a , |b , |c , |d } with |a = |00 , |b = |10 , |c = |01 , and |d = |11 where n 1 and n 2 in |n 1 n 2 represent the occupation numbers of the 1st and 2nd dots, respectively. The double dot Hamiltonian in this basis becomes
while the tunnel Hamiltonian is
III. MASTER EQUATION
Following the standard procedures such as the secondorder perturbation theory, the Born-Markovian approximation, and tracing out the degree of freedom of the leads 29, 34, 35 , the evolution of reduced double dot density matrix is governed by the equatioṅ
where H S is given in Eq. (5) and the superoperators describing dissipation of the system due to the couplings to the leads are
and
Explicit expressions for the different matrix elements of ρ are given in Appendix A. For the calculations presented in this work, we have in part relied on the numerical implementation described in Ref. 36 . In Eq. (10),
Ts )], where [·] denotes the real part and the digamma function Ψ originates from principal value integrals. µ s and T s are the chemical potential and temperature of lead s. In all calculation we consider a symmetric voltage bias, µ L = −µ R = eV b /2, and equal temperatures, T L = T R = T . f s (ω) in Eqs. (8) and (9) is the Fermi-Dirac distribution andf s (ω) = 1 − f s (ω). We have furthermore defined
A]ρ which only involves a single pathway of electron tunnelings. The bare tunnelling rate is Γ si = π|t k,s,i | 2 s with L(R) being the density of states in the left (right) lead which is assumed to be constant. We parametrize the tunnel couplings as (see Fig. 1 )
where δ j (j = 0, 1, 2, 3) is a (small) perturbation to the tunnelling rate Γ. We also let δε = ε 2 − ε 1 denote the energy difference between dot orbitals and ε = (ε 1 +ε 2 )/2 denote their avarage which can be controlled by a gate voltage via ε = −eαV g , where we set α = 1 for simplicity.
In the fully symmetric case we have δε = δ j = 0.
In Eq. (7), the first term describes the free evolution of the double quantum dot. L ρ given by Eq. (8) The current operator is given by
Here we consider the stationary state current flowing into lead R, I = I R which is given by
where ρ αβ (α, β = a, b, c, d) are the elements of the stationary state density matrix.
In addition to the standard form of the master equation, we consider Bloch-like equations for pseudo-spin components in order to help understand and interpret our results. We define the z component of the pseudo spin as being proportional to the charge difference between the two dots. Similar to the case of a real spin, 31 the relation between pseudo-spin components and reduced density matrix elements is then given by
The spin components also couple to the populations,
, ρ dd }, we now could have a new set of variables {P 0 , P 1 , S z , S x , S y , P 2 }. Then the master equation for density matrix elements is equivalent to the combination of rate equations for populations P 0 , P 1 , P 2 and Bloch-like equations for the spin components, see Appendix C.
IV. FULLY SYMMETRIC TWO CAPACITIVELY COUPLED QUANTUM DOTS
In this section we focus on the symmetric case of degenerate dot orbitals, δε = 0, and identical tunnelling couplings, i.e., all δ j = 0 (see Fig. 1 ). In this case, the commutator in Eq. (7) is zero and Eqs. (8) and (9) simplify to Eqs. (B1) and (B2) in Appendix B.
We first present the result of solving the Pauli rate equations, which corresponds to including only the term L ρ in Eq. (7) and assuming the density matrix to be diagonal. The resulting stability diagram (dI/dV b as a function of V g and V b ) is shown in Fig. 2(a) and exhibits the typical Coulomb blockade behavior. At low V b , the number of electrons on the double quantum dot is fixed and no current flows, except close to the two charge degeneracy points at eV g = 0 and eV g = U . Increasing V g starting from negative values, the charge on the double quantum dot is increased from zero to one and then to two electrons. At larger V b , outside the Coulomb blockade region, a current flows because of single-electron tunneling.
We now turn to a solution for the full, possibly nondiagonal density matrix. For the fully symmetric case, setting the time derivates to zero in the equations in Appendices A and B yields a singular matrix equation. This shows that there is no unique stationary state. For the time-dependent case, one would obtain a solution which, in principle, depends on the initial state regardless of how long one waits.
The singular behavior can be understood by noticing that the equations for ρ bb and ρ cc are exactly the same, implying ρ bb = ρ cc . Because ρ cb = ρ * bc must hold, there are then only two independent equations for the three independent elements ρ bb , ρ bc , ρ dd
where ρ aa = 1 − 2ρ bb − ρ dd . One can thus fix one density matrix element, say ρ bc , and then find a unique solution for the other elements. For example, the choice ρ bc = 0 gives a solution without quantum interference which is the same as would be obtained by solving the Pauli rate equation for the diagonal density matrix elements. Figure 2 (b) shows the current obtained by solving Eqs. (17) and (18) with different choices for ρ bc and inserting the solution into Eq. (15) . The curve with ρ bc = 0 corresponds to the current along a horisontal cut at eV b = 10 4 Γ in Fig. 2(a) . Compared with this solution, quantum interference (ρ bc = 0) can either enhance or reduce the current. Note, however, that depending on the choice of ρ bc the results can become clearly unphysical, with negative occupation probabilities and even currents flowing against the applied bias voltage. We emphasize that the unphysical results originate from choosing ρ bc when the steady-state equations do not have a unique solution. Importantly, the physical solutions we will obtain below in the presence of weak symmetry breaking effects never display such unphysical behavior. This is because the corresponding equations given below have well-determined steady-state solutions.
The singular behavior can alternatively be understood by reformulating the master equation in terms of the pseudo-spin components S x , S y , and S z [Eq. (16)], as well as the populations P 0 , P 1 , and P 2 . The explicit equations are given in Appendix C. In the fully symmetric case, the equations for the spin components [Eqs. (C1)-(C3)] becomė
Here,
is an effective magnetic field in the x direction [see Eq. (10)]. Equations (C6)-(C8) for the populations becomė
Here, spin accumulation appears only in the x direction because only the spin component S x depends on the populations. In fact, there are two sets of equations which do not couple to each other, one set for {S x , P 1 , P 0 , P 2 } and one for {S y , S z }. In the stationary state, Eqs. (20) and (21) imply that S y = S z = 0. Note that this also means that there is no dependence on the principle value integrals. Similar to Eqs. (17) and (18) for the density matrix, after using P 0 + P 1 + P 2 = 1, there are only two independent equations for the remaining three variables, for example:
Therefore, we can solve the equations if we choose the value of one parameter. For example, fixing S x would correspond to fixing ρ bc , and setting S x = 0 leads to the same result as the Pauli rate equation.
Further insight into the singular nature of the master equation can be obtained by a change of basis for the states with one electron on the double quantum dot
These are analogous to the bonding and anti-bonding states of an electron in two degenerate orbitals, but they here have the same energy because there is no direct tunnel coupling between the orbitals. We now note that
This shows that tunneling can only change the state of the double quantum dot either between |a (no electrons on the double dot) and |+ , or between |d (two electrons on the double dot) and |− . Thus, in this basis it becomes clear that the master equation is separated into two different sectors which are not connected to each other through tunneling. Therefore, there can be no unique stationary state.
V. SYMMETRY-BREAKING EFFECTS
We now consider small deviations away from perfect symmetry, i.e., δε and/or δ j finite, but still much smaller than all other energy scales of the problem. Based on our conclusions for the symmetric system, a number of questions arise: Will arbitrarily small symmetry-breaking terms remove the singular behavior of the master equation and restore a well-defined unique stationary state? Will this stationary state be the same regardless of the details of the perturbations, as long as they are small? Will the possible stationary state(s) be one (or a subset) of the possible states for the symmetric system, or something different?
In the following, we first consider two limiting cases, breaking either the orbital degeneracy or the tunnelling coupling symmetry. We then investigate the case where both symmetries are broken simultaneously.
A. Breaking orbital degeneracy
We first consider symmetric tunnel couplings, δ j = 0, but a small breaking of the degeneracy of the quantum dot orbitals, δε T, U, Γ. We find that the stationary master equation (or, equivalently, the Block-like equation for the pseudo spin) becomes well defined for an arbitrarily small but finite δε. Moreover, the stationary density matrix is fully diagonal and the current is equivalent to that given by the Pauli rate equation for the diagonal density matrix. The solution is equal to that in Fig. 2(a) and independent of δε as long as it remains by far the smallest energy scale. It is well known that the off-diagonal elements of the density matrix vanish for large orbital detuning (δε Γ), but the result that they are zero even for an arbitrarily small detuning only holds when the tunnel couplings are fully symmetric.
B. Breaking tunnel coupling symmetry
We now turn to the case of complete orbital degeneracy, δε = 0, but with some asymmetry in the tunnel couplings which we parametrize as (see Fig. 1 ) δ i = δt×d i with d i of order 1 and δt T, U, Γ. We will consider different configurations of the tunnel coupling asymmetry, but note two special cases, d = (1, 1, 1, 1) (equivalent to the symmetric case) and d = (d 0 , d 1 , d 0 , d 1 ) (representing asymmetric left/right couplings, but equal couplings to both quantum dots). Except these two special cases, we find that an arbitrarily small tunnel coupling asymmetry leads to a well-defined master equation with a unique stationary state. The explicit equations for the pseudo-spin components and populations for the case δε = 0, δt = 0 are presented in Appendix C 1. Figure 3(a) shows the current as a function of V g [similar to Fig. 2(b) ] for d = (−1, 1, 1, −1) and δt = 10 −3 Γ, comparing the solution for the Pauli rate equation and the master equation with and without including the principle value integrals. The stationary state is in this case not described by a diagonal density matrix. Quantum interference has a large impact on the current, which becomes suppressed to almost zero over a large range in V g where the Pauli rate equation predicts a large current. Interestingly, we find that the stationary density matrix and current are independent of δt (as long as it remains much smaller than all other energy scales) and independent of d (except for the two special cases mentioned above). The results presented in Fig. 3 are therefore universal for the case δε = 0 and δt T, U, Γ. We can gain some understanding based on the states |+ and |− defined in Eqs. (27) and (28) . If we focus first on the V g range where current flow is associated with fluctuations between zero and one electron on the double dot [left peak in Fig. 3(a) ], Eqs. (29) and (30) show that for the completely symmetric case, transport can only involve fluctuations between states |a and |+ . Thus, |+ act as a bright state, while |− becomes effectively decoupled from the leads and acts as a dark state. The occupation of the states |+ and |− are given by
When now introducing a small symmetry-breaking term, this gives rise to a small coupling between the |− state and the leads. In Fig. 3(b) we see that this coupling results in S x attaining large negative values over a range in V g that precisely correspond to the suppression of the left current peak (compared with the Pauli rate equation). A large negative S x corresponds to a large occupation of the |− state [Eq. (32) ] which acts as a dark state in this V g range. Thus, the current is decreased because the dark state, which is only very weakly coupled to the leads, becomes occupied with large probability and blocks transport through the bright state because the large Coulomb energy U shifts the doubly occupied state |d high up in energy.
In the V g range corresponding to the right current peak, where current flow is associated with fluctuations between one and two electrons on the double dot, Eqs. (29) and (30) show that instead the |+ state is the dark state, while |− is the bright state. Here, the suppression of the current is instead associated with a significant positive S x , meaning a large occupation of |+ .
We can also understand the large impact of the principle value integrals (which are often neglected in master equations). Figure 3(b) shows that the principle value integrals reduce |S x | over a range in V g , leading to a larger current compared to the case where they are neglected. The reason for the decrease in |S x | is the pseudo magnetic field in Eqs. (C9)-(C11) which allows the spin to rotate away from the x axis (or the electron to escape from the dark state).
Figures 3(c) and (d) show S y and S z , which remain much smaller than S x for all V g .
C. Breaking both orbital degeneracy and tunnel coupling symmetry
We now turn to the general case with δε = 0 and δt = 0, but still δε, δt T, U, Γ. Figure 4 shows the stability diagrams, current and density matrix elements as a function of V g for three different choices of d (meaning different configurations of the asymmetry in tunnel couplings) for δt = δε = 10 −3 Γ. The current clearly deviates from that given by the Pauli rate equation and, unlike the case with δε = 0, depends on the specific choice of d (the result of the Pauli rate equation is, in contrast, independent of d as long as δt T, U, Γ). We also note that including the principle value integrals has a large impact on the current, which can be either enhanced or suppressed compared with the (commonly used) master equation where these terms are neglected.
Interestingly, the stability diagrams in Figs. 4(a) , (d) and (g) all show regions of negative differential resistance, as well as strong rectifying behavior (different magnitude of the current for positive and negative V b ). Such effects are expected in quantum dot systems when the tunnel couplings to different orbitals and/or leads differ substantially, but here they are induced by quantum interference even in the case where the system is very close to symmetric. Figure 5 shows the current as a function of V g for fixed δt and d, but with increasing δε. For δε δt the current is suppressed over a large range in V g , similar to Fig. 2 . The current starts to recover when δε ∼ δt and approaches the value given by the Pauli rate equation for δε δt (even though δε Γ still holds). As long as δε, δt T, U, Γ holds, the current depends only on the ratio δε/δt (and on d if δε ∼ δt). The dependence on δε/δt is shown in Fig. 6 where we plot the current as 
Here δt = δε = 10 −3 Γ and all other parameters are the same as in Fig. 3. a function of δε and δt for fixed V g = 0. The current switches between its two limiting values along a diagonal line, which shows that very small controlled changes in δε or δt can have a large impact on the current.
VI. SUMMARY AND CONCLUSIONS
In this work, we have shown that for a double quantum dot with degenerate orbitals and equal tunnel couplings to both dots and both leads, the master equation for the stationary density matrix becomes singular. This singular behavior implies that a whole family of stationary states is allowed by the equations, in principle, one of them being the diagonal density matrix as obtained from the Pauli rate equation. When including perturbations away from the perfectly symmetric system, the stationary state becomes unique. When considering only breaking of orbital degeneracy (but symmetric tunnel couplings), this stationary state is a diagonal density matrix, even if the orbital detuning is much smaller than all other energy scales. In the opposite case of orbital degeneracy but small perturbations to the tunnel couplings, the density matrix is non-diagonal and the current is significantly suppressed by quantum interference. In the case of breaking both orbital degeneracy and tunnel coupling symmetry, the current is a very sensitive function of the ratio of the symmetry breaking terms. We note that our study assumes that both quantum dots are coupled to the same lead states. This is a good assumption roughly when the points where the two dots couple to a given lead are separeted by less than the Fermi wave length in the leads. This condition can be realized with semiconductor leads (large Fermi wavelength) or by using a molecular double quantum dot (small distance between dots). The effects of increasing the distance between the quantum dots were investigated in 37,38, where it was shown to destroy quantum interference features.
We have relied on a master equation which is based on leading order perturbation theory in the tunnel couplings, which is expected to be a very good approximation in all cases we consider because we stay in the regime Γ T . Nonetheless, we have used the methods described in Refs. 36,39 to verify that processes which are next-to-leading order in the tunneling coupling do not affect our conclusions. It would be interesting to, in a future study, investigate the regime Γ T where cotunneling and other higher order tunnel processes become important. Note that our Hamiltonian of two capacitively coupled quantum dots in terms of spinless fermionic operators resembles a Hubbard site for spinful electrons. It is therefore possible to reformulate the model considered in the present work in terms of a single dot with spin up and spin down electrons coupled to partially spinpolarized leads, as implied by a pseudo spin defined in Eq. (16) . For strong tunnel couplings, one would expect the appearance of Kondo effect associated with the pseudo spin. In the present work we focus instead on the regime of weak tunnel coupling. It might also be interesting to consider shot noise or full counting statistics that could provide more information about electron transport in our system.
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Decoherence effects due to charge noise or phonons, not included in this study, would lead to a decay of electrons trapped in the dark state. However, the qualitative results are not affected by weak decoherence. We note that a recent demonstration of Landau-ZenerStückelberg-Majorana interferometry in a silicon-based single-electron double quantum dot suggests that decoherence can be weak enough for quantum interference to survive 41 .
From an application perspective, the double quantum dot system we investigate could be used as an extremely sensitive electric switch, similar to a field effect transistor. If an additional electrostatic gate is used to control the tunnel coupling asymmetry (δt) or the orbital detuning (δε), one can switch the current between almost zero and a large finite value by a tiny shift in either of these parameters which makes the system cross the diagonal in Fig. 6 . Note that the change happens when changing a parameter by an amount that is much smaller than all other energy scales. In particular, unlike most other switches, this switch will not be limited by temperature. Starting from Eq. (7), the explicit forms of Eqs. (8)- (10) for the different density matrix elements arė
From these expressions one can verify that α=a,b,c,dρ αα = 0, which is due to probability normalization, α=a,b,c,d ρ αα = 1. In the fully symmetric case with δε = 0 and all δ j = 0, Eqs. (8)- (10) become
Here D[A, B]ρ is the sum of two different tunneling pathways, which are equivalent due to the exact orbital degeneracy
Appendix C: Bloch-like equations for the pseudo spin
The Bloch-like equations for S x , S y , S z arė
Here we defined the pseudo magnetic fields 
where p s (ω) = [Ψ( 
×f s (ε 1 + U ) + Γ s2fs (ε 2 + U )]P 2 } − 
Orbital degeneracy
When considering δt = 0 but δε = 0, the equations for the spin components reduce tȯ
×P 0 − [f s (ε) − f s (ε + U )]P 1 − 2f s (ε + U )P 2 }, (C9)
while for the populations, the equations becomė
Compared with the symmetric case [see Eqs. (19)- (24)], the small asymmetry in tunnelling rates, Γ s1 − Γ s2 ∼ δt, couples {S x , P 0 , P 1 } to {S y , S z }. Specifically, S y and S x are coupled via principal values, p s (ε) and p s (ε + U ), while S z is coupled to P 0 , P 1 , P 2 via FermiDirac distribution functions. This means that the tunnelling asymmetry not only induces an additional effective magnetic field B z that causes spin rotations in the xy-plane, but also allows spin accumulation in the z direction.
